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Abstract
The formula for all unitary representations of the quantum “az+b” group for a real
deformation parameter is given. The description involves the quantum exponential
function introduced by Woronowicz.
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1 Introduction
In the study of unitary representations of a topological group it is interesting to look for
a general structure theorem. The class of abelian locally compact groups provides a good
example of a situation in which a general structure theorem is known. It is the SNAG
(Stone-Naimark-Ambrose-Godement) theorem ([1, Ch. VI, Thm. 29]) saying that if u is
a strongly continuous unitary representation of a locally compact abelian group Γ on a
Hilbert space H then there exists a spectral measure E on the dual group Γ̂ such that
uγ =
∫
Γ̂
χ(γ̂, γ) dE(γ̂), (1)
where χ is a bicharacter on Γ × Γ̂. The right hand side of (1) is a source of a functional
expression for uγ. The best known example of such situation is described by Stone’s
theorem. In this case Γ = Γ̂ = R, χ(γ̂, γ) = exp (iγγ̂) and (1) leads to a functional
expression
uγ = χ(H, γ) = e
iγH,
∗Research partially supported by KBN grant No 2PO3A04022.
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where H =
∫
R
γ̂ dE(γ̂) is a selfadjoint operator acting on H . No analogy of SNAG theorem
is know for nonabelian case, nevertheless in the context of locally compact quantum groups
this type of structure theorem was proved e.g. for the quantum E(2) (cf. [8]) and quantum
“ax+ b” groups ([5]). Following these ideas, in this report we shall describe the functional
form of strongly continuous unitary representations of the quantum “az+ b” group for real
deformation parameter q ∈]0, 1[.
We shall be concerned with the theory of quantum groups on the C∗-algebra level.
For the basic notions and notation used in our paper we refer the reader to [6] and [9]. In
particularM(A) will denote the multiplier algebra of a C∗-algebra A, by “η” we shall denote
the affiliation relation in the sense of C∗-algebra theory and Mor (A,B) will denote the set of
morphisms from a C∗-algebra A to a C∗-algebra B, i.e. nondegenerate ∗-homomorphisms
from A to M(B). Throughout the paper we shall be making extensive use of formulas
(2.4)–(2.8) of [9].
2 Quantum “az + b” group
The quantum “az + b” group for real deformation parameter q ∈]0, 1[ was described in
[10, Appendix A]. We shall denote this quantum group by the symbol G. Its construction
begins with considering the set
Γ =
{
z ∈ C : |z| ∈ qZ
}
and its closure in C
Γ = Γ ∪ {0}.
With the topology and multiplication inherited from C \ {0}, Γ becomes an abelian topo-
logical group (isomorphic to Z×S1). Clearly its Pontiagin dual is isomorphic to Γ and the
pairing describing the duality is given by the bicharacter
χ
(
qiϕ+k, qiψ+l
)
= qi(lϕ+kψ). (2)
Considering the natural action by multiplication of Γ on Γ we obtain a C∗-dynamical
system
(
C∞
(
Γ
)
,Γ, α
)
, where the action α is(
αγf
)
(γ′) = f(γγ′) (3)
for all f ∈ C∞
(
Γ
)
, γ′ ∈ Γ and γ ∈ Γ. The algebra C∞
(
Γ
)
is generated by an element
b η C∞
(
Γ
)
given by
b(γ) = γ (4)
for all γ ∈ Γ. The algebra of “continuous functions vanishing at infinity on quantum
“az + b” group” is the C∗-algebra crossed product
A = C∞
(
Γ
)
⋊α Γ. (5)
2
Since the canonical injection C∞
(
Γ
)
→֒ M(A) is a morphism from C∞
(
Γ
)
to A, we can
regard b as an element affiliated with A. By definition of a crossed product there is a
strictly continuous family (λγ)γ∈Γ of unitary elements of M(A) implementing the action α:
λγfλ
∗
γ = αγ(f) (6)
for any f ∈ C∞
(
Γ
)
considered as an element of M(A). Using the methods developed in
[10, Sect. 5] one can show that λγ is of the form
λγ = χ(a, γ) (7)
for a normal element a affiliated with A, such that Sp a ⊂ Γ. Moreover a is invertible and
a−1 η A.
It follows from the definition of the action α (cf. (6) and (7)) that χ(a, γ)bχ(a, γ)∗ = γb
for γ ∈ Γ and the C∗-algebra A is generated by the unbounded affiliated elements a, a−1
and b.
The basic notion used in our paper is that of a regular q2-pair.
Definition 2.1 Let H be a Hilbert space and let (Y,X) be a pair of closed densely defined
operators on H. We shall say that (Y,X) is a regular q2-pair if

X and Y are normal,
SpX, SpY ⊂ Γ,
kerX = {0} and
χ(X, γ)Y χ(X, γ)∗ = γY
for all γ ∈ Γ.


Let us remark that relations of Definition 2.1 give the precise meaning to the relations
of the form
XY = q2Y X, XY ∗ = Y ∗X
for a pair of normal operators (Y,X).
The pair (b, a) of elements affiliated with the C∗-algebra A is a regular q2-pair in the
sense that for any nondegenerate representation π of A on a Hilbert space H , the pair
(π(b), π(a)) is a regular q2-pair acting on H . We shall also use the notion of a regular
q2-pair in the context of any C∗-algebra B.
Let us note that the C∗-algebra A defined by (5) is a universal C∗-algebra generated
by a regular q2-pair in the following sense (comp. [10, Prop. 4.2]):
Proposition 2.2 Let B be a C∗-algebra and (b0, a0) a regular q
2-pair of elements affiliated
with B. Then there exists a unique morphism ϕ ∈ Mor (A,B) such that
ϕ(a) = a0,
ϕ(b) = b0.
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It turns out that the operator a ⊗ b + b ⊗ I is closeable and (denoting its closure by
a⊗b +˙ b⊗I the pair (a⊗b +˙ b⊗I, a⊗a) is a regular q2-pair (cf. Proposition 3.1) of elements
affiliated with A⊗A. Therefore there exists a unique morphism ∆ ∈ Mor (A,A⊗ A) such
that
∆(a) = a⊗ a,
∆(b) = a⊗ b +˙ b⊗ I.
(8)
Moreover ∆ is coassociative and encodes the group structure of the quantum “az + b”
group, briefly G = (A,∆).
3 Quantum exponential function
In [7] S.L. Woronowicz introduced the quantum exponential function Fq defined on Γ. It
is given by the formula
Fq(γ) =
∞∏
k=0
1 + q2kγ
1 + q2kγ
for γ ∈ Γ \ {−1,−q−2,−q−4, . . .} and Fq(γ) = −1 for γ ∈ {−1,−q
−2,−q−4, . . .}. Thus
defined, Fq is a continuous function Γ→ S
1. Moreover Fq(0) = 1.
The most important property of the quantum exponential function is the one contained
in the following proposition:
Proposition 3.1 ([7, Thm. 3.1]) Let H be a Hilbert space and let (Y,X) be a regular
q2-pair acting on H. Then the sum X + Y is a densely defined closeable operator and its
closure X +˙Y is a normal operator with Sp
(
X +˙ Y
)
⊂ Γ. Moreover
Fq(X +˙Y ) = Fq(Y )Fq(X). (9)
The last statement in Proposition 3.1 justifies the name “quantum exponential func-
tion”.
Let us remark that formula (9) holds for more general q2-pairs, without the assumption
that kerX = {0} (cf. [4, Section 2]). Moreover Fq is the only solution of this type of
functional equation in a more general sense. To formulate the corresponding result let H
be a Hilbert space and f : Γ ∋ γ 7→ f(γ) ∈ B(H) be a bounded measureable mapping. For
a normal operator Y acting on a Hilbert space K such that SpY ⊂ Γ we set
f(Y ) =
∫
Γ
f(γ)⊗ dEY (γ),
where dEY (γ) is the spectral measure of Y . Clearly f(Y ) ∈ B(H ⊗K).
Theorem 3.2 ([7, Thm. 4.2]) Let H and K be Hilbert spaces and let (Y,X) be a regular
q2-pair acting on K. Let
f : Γ ∋ γ 7−→ f(γ) ∈ B(H)
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be a borel mapping such that f(γ) is unitary for almost all γ ∈ Γ. Assume that
f(X +˙Y ) = f(Y )f(X). (10)
Then there exists a normal operator Z on H such that SpZ ⊂ Γ and
f(γ) = Fq(Zγ)
for almost all γ ∈ Γ.
Note that any borel solution of the functional equation (10) is in fact a continuous one.
This result is crucial for functional description of unitary representations of G given in the
next section.
4 Structure of unitary representations of the quan-
tum “az + b” group
In this section we investigate strongly continuous unitary representations of G.
Definition 4.1 A strongly continuous unitary representation of G on a Hilbert space H
is a unitary element
U ∈M(K(H)⊗A)
such that
(id⊗∆)U = U12U13 (11)
(where we used the leg numbering notation).
In what follows we shall abbreviate “strongly continuous unitary representations” to
“unitary representations”. The main result of the paper is contained in the following
theorem:
Theorem 4.2 Let U be a unitary representation of the quantum “az + b” group on a
Hilbert space H. Then there exists a unique regular q2-pair (˜b, a˜) acting on H such that
U = Fq (˜b⊗ b)χ(a˜⊗ I, I ⊗ a). (12)
Conversely, for any regular q2-pair (a˜, b˜) acting on a Hilbert space H, the operator U defined
by formula (12) is a unitary representation of G.
Proof. Let
a0(γ) = γ,
b0(γ) = 0
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for all γ ∈ Γ. Then a0, b0 η C∞(Γ) and if we represent C∞(Γ) on L
2(Γ) by multiplication
operators, (b0, a0) becomes a regular q
2-pair on L2(Γ). By the universal property of A
(Proposition 2.2) there exists a ϕ ∈ Mor (A,C∞(Γ)) = C (Γ,Mor (A,C)) such that
ϕ(a) = a0,
ϕ(b) = b0.
Thus ϕ is a continuous family ϕ = (ϕγ)γ∈Γ where the ϕγ are multiplicative functionals on
A:
ϕγ(x) =
(
ϕ(x)
)
(γ).
Moreover the map Γ ∋ γ 7→ ϕγ ∈ A
∗ is a homomorphism in the sense that
ϕγ1 ∗ ϕγ2 = ϕγ1γ2 , (13)
where the convolution
ϕγ1 ∗ ϕγ2 = (ϕγ1 ⊗ ϕγ2)◦∆.
Let
φ(x) = (id⊗ ϕ)∆(x)
for x ∈ A. Then φ ∈ Mor (A,A⊗ C∞(Γ)) = C (Γ,Mor (A,A)). Again we identify φ with
a continuous family φ = (φγ)γ∈Γ and it is easy to see that for all γ ∈ Γ the maps φγ are
automorphisms of A:
φγ ∈ Aut (A) .
In other words
φ ∈ C (Γ,Aut (A)) .
It follows from (13) that (φγ)γ∈Γ is a continuous group of automorphisms of A. It is also
easy to check that
φγ(a) = γa,
φγ(b) = b
for all γ ∈ Γ. In other words the action Γ̂ = Γ ∋ γ 7→ φγ ∈ Aut (A) is the dual action to
the action α of Γ on C∞
(
Γ
)
(cf. (3) and (5)).
Define
u = (id⊗ ϕ)U ∈M(K(H)⊗ C∞(Γ)) = Cbounded(Γ, B(H)) .
We can thus view u as a continuous family (uγ)γ∈Γ of unitary elements in B(H).
Since by (11) and (13)
uγ1uγ2 =
(
(id⊗ ϕγ1)U
)(
(id⊗ ϕγ2)U
)
= (id⊗ ϕγ1 ⊗ ϕγ2)U12U13
= (id⊗ ϕγ1 ∗ ϕγ2)U = uγ1γ2 ,
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u is a strongly continuous representation of Γ in the Hilbert space H . By SNAG theorem
(cf. [1, Ch. VI, Thm. 29] and Section 1)
uγ = χ(a˜, γ)
where a˜ is a normal operator on H such that Sp a˜ ⊂ Γ and ker a˜ = {0}.
Let
V = χ(a˜⊗ I, I ⊗ a) ∈M(K(H)⊗A) .
We have
(id⊗ ϕ)V = u.
Using (11) we obtain
(id⊗ φγ)U = (id⊗ id⊗ ϕγ)∆(U)
= U
(
(id⊗ ϕγ)U
)
= U(uγ ⊗ I) = U
(
χ(a˜, γ)⊗ I
) (14)
and by (8) and the definition of ϕγ we have
(id⊗ φγ)V = (id⊗ id⊗ ϕγ)(id⊗∆)χ(a˜⊗ I, I ⊗ a)
= χ(a˜⊗ I, I ⊗ γa) = V
(
χ(a˜, γ)⊗ I
)
.
Define
W = UV ∗.
It follows that for all γ ∈ Γ
(id⊗ φγ)W =W. (15)
At this point one expects that
W ∈M
(
K(H)⊗ C∞
(
Γ
))
. (16)
It is known that M
(
K(H)⊗ C∞
(
Γ
))
= Cbounded
(
Γ, B(H)
)
, therefore W = f(b) where
f ∈ Cbounded
(
Γ, B(H)
)
and f(z) is unitary for any z ∈ Γ. Unfortunately in the context
of C∗-algebra crossed products the invariance condition (15) is not sufficient to support
(16). In addition to (15) one needs to know that Γ ∋ γ 7→ (I ⊗ λγ)W (I ⊗ λγ)
∗X is
norm continuous for any X ∈ K(H)⊗C∞
(
Γ
)
⊂ M(K(H)⊗ A) (cf. [3, Proposition 7.8.9]).
However we have no argument to justify this. On the other hand forW ∗-dynamical systems
the additional condition is not relevant. Then we only have borel measureability of the
corresponding function f . Nevertheless this fact combined with a functional equation for f
(cf. (10)) will imply continuity of f . Therefore we are able to justify (16) only a posteriori.
Let us now extend the C∗-dynamical system
(
K(H)⊗ C∞
(
Γ
)
,Γ, id⊗ α
)
to a W ∗-
dynamical system
(
B(H)⊗ L∞
(
Γ
)
,Γ, id⊗ α
)
. We may assume that C∞
(
Γ
)
is faithfully
represented in a Hilbert space. Then
W ∈M(K(H)⊗ A) ⊂ B(H)⊗A′′ =
(
B(H)⊗ L∞
(
Γ
))
⋊id⊗α Γ
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and W is fixed under the action γ 7→ (id ⊗ φγ) which clearly is dual to the action γ 7→
(id⊗ αγ). By [3, Theorem 7.10.4] the element W belongs to the von Neuman algebra
B(H)⊗ L∞
(
Γ
)
which means that W = f(b) where f : Γ → B(H) is a unitary operator-valued borel
function. Now we shall show that f satisfies the functional equation (10).
Since U = WV = f(b)χ(a˜⊗ I, I ⊗ a) we have by (8)
(id⊗∆)U = f(a⊗ b +˙ b⊗ I)χ(a˜⊗ I ⊗ I, I ⊗ a⊗ a). (17)
Therefore
(id⊗ φγ ⊗ id)U12U13 = (id⊗ ϕγ ⊗ id)(id⊗∆)U
= f(γb)χ(a˜⊗ I, I ⊗ γa)
= f(γb)
(
χ(a˜, γ)⊗ I
)
χ(a˜⊗ I, I ⊗ a).
On the other hand (cf. (14))
(id⊗ ϕγ ⊗ id)U12U13 =
(
χ(a˜, γ)⊗ I
)
U
and thus
U =
(
χ(a˜, γ)⊗ I
)∗
f(γb)
(
χ(a˜, γ)⊗ I
)
χ(a˜⊗ I, I ⊗ a)
= χ(a˜⊗ I, γI ⊗ I)∗f(γb)χ(a˜⊗ I, γI ⊗ I)χ(a˜⊗ I, I ⊗ a)
(18)
for all γ ∈ Γ. But U does not depend on γ, so integrating both sides of (18) over γ with
respect to the spectral measure of a we obtain
U13 = χ(a˜⊗ I ⊗ I, I ⊗ a⊗ I)
∗f(a⊗ b)χ(a˜⊗ I ⊗ I, I ⊗ a⊗ I)χ(a˜⊗ I ⊗ I, I ⊗ I ⊗ a)
= χ(a˜⊗ I ⊗ I, I ⊗ a⊗ I)∗f(a⊗ b)χ(a˜⊗ I ⊗ I, I ⊗ a⊗ a).
Now since
U12 = f(b⊗ I)χ(a˜⊗ I ⊗ I, I ⊗ a⊗ I)
we obtain
U12U13 = f(b⊗ I)f(a⊗ b)χ(a˜⊗ I ⊗ I, I ⊗ a⊗ a). (19)
Comparing (19) with (17) we obtain a functional expression
f(a⊗ b +˙ b⊗ I) = f(b⊗ I)f(a⊗ b). (20)
Denote X = b⊗I, Y = a⊗ b. It is easy to check that (Y,X) is a regular q2-pair. Therefore
by (20) and Theorem 3.2 there exists a normal operator b˜ acting on H with Sp b˜ ⊂ Γ such
that
f(γ) = Fq (˜bγ).
Consequently
f(b) = Fq (˜b⊗ b)
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and
U = Fq (˜b⊗ b)χ(a˜⊗ I, I ⊗ a). (21)
So far we know that a˜ and b˜ are normal operators on H such that Sp a˜, Sp b˜ ⊂ Γ and
ker a˜ = {0}. To end the proof of the existence part of Theorem 4.2 cf. Definition 2.1) we
need to show that
χ(a˜, γ)˜bχ(a˜, γ)∗ = γb˜ (22)
for all γ ∈ Γ.
To that end observe that inserting the information about U given by (21) into the
identity (18) we obtain(
χ(a˜, γ)⊗ I
)
Fq (˜b⊗ b)
(
χ(a˜, γ)⊗ I
)∗
= Fq(γb˜⊗ b)
which by unitarity of
(
χ(a˜, γ)⊗ I
)
means that
Fq
((
χ(a˜, γ)˜bχ(a˜, γ)∗
)
⊗ b
)
= Fq(γb˜⊗ b). (23)
Setting T1 = χ(a˜, γ)˜bχ(a˜, γ)
∗ and T2 = γb˜ we can rewrite (23) as
Fq(T1 ⊗ b) = Fq(T2 ⊗ b). (24)
For z ∈ Γ let ωz ∈ Mor
(
C∞
(
Γ
)
,C
)
be given by
ωz(b) = z.
Applying (id⊗ ωz) to both sides of (24) we get
Fq(zT1) = Fq(zT2)
and this equality holds for any z ∈ Γ. Now the equality of T1 and T2 follows from the
following result:
Lemma 4.3 Let T1 and T2 be normal operators acting on a Hilbert space K such that
SpT1, SpT2 ⊂ Γ. Then (
Fq(zT1) = Fq(zT2)
for all z ∈ Γ
)
⇐⇒
(
T1 = T2
)
.
(We omit the proof since it is analogous to the proof of [4, Lemma 3.5].)
Therefore (˜b, a˜) is a regular q2-pair.
To prove uniqueness of (˜b, a˜) let us apply (id⊗ ϕγ) to U :
(id⊗ ϕγ)U = χ(a˜, γ).
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It shows that the operator a˜ is determined uniquely. Indeed: we have (cf. (2))
χ(γ, q) = Phase γ,
χ(γ, qit) = |γ|it
for all γ ∈ Γ. Therefore, by functional calculus for normal operators,
Phase a˜ = (id⊗ ϕq)U,
|a˜|it = (id⊗ ϕqit)U
which determines a˜ completely. Now the operator b˜ is also determined uniquely. In fact if
U = Fq (˜b
′ ⊗ b)χ(a˜⊗ I, I ⊗ a)
then
Fq (˜b
′ ⊗ b) = Fq (˜b⊗ b)
and the reasoning presented after (24) shows that b˜′ = b˜. This ends the proof of the first
part of our theorem.
For the proof of the second part let (˜b, a˜) be a regular q2-pair acting on a Hilbert space
H and
U = Fq (˜b⊗ b)χ(a˜⊗ I, I ⊗ a).
Elements b˜⊗ b, a˜⊗I and I⊗a are affiliated with K(H)⊗A. Therefore U ∈M(K(H)⊗ A)
and U is unitary. Now by (8)
(id⊗∆)U = Fq (˜b⊗ a⊗ b +˙ b˜⊗ b⊗ I)χ(a˜⊗ I ⊗ I, I ⊗ a⊗ a). (25)
Since (˜b⊗ b⊗ I, b˜⊗ a⊗ I) is a q2-pair, we have (cf. remark after Proposition 3.1)
Fq (˜b⊗ a⊗ b +˙ b˜⊗ b⊗ I) = Fq (˜b⊗ b⊗ I)Fq (˜b⊗ a⊗ b). (26)
Moreover by the character property of χ
χ(a˜⊗ I ⊗ I, I ⊗ a⊗ a) = χ(a˜⊗ I ⊗ I, I ⊗ a⊗ I)χ(a˜⊗ I ⊗ I, I ⊗ I ⊗ a)
and γb˜ χ(a˜, γ) = χ(a˜, γ) b˜ by (22). Therefore
(˜b⊗ a)χ(a˜⊗ I, I ⊗ a) = (χ(a˜⊗ I, I ⊗ a)(˜b⊗ I)
and
(˜b⊗ a⊗ b)χ(a˜⊗ I ⊗ I, I ⊗ a⊗ I) = χ(a˜⊗ I ⊗ I, I ⊗ a⊗ I)(˜b⊗ I ⊗ b). (27)
Now
Fq (˜b⊗ b⊗ I)Fq (˜b⊗ a⊗ b)χ(a˜⊗ I ⊗ I, I ⊗ a⊗ a)
= Fq (˜b⊗ b⊗ I)Fq (˜b⊗ a⊗ b)χ(a˜⊗ I ⊗ I, I ⊗ a⊗ I)χ(a˜⊗ I ⊗ I, I ⊗ I ⊗ a)
= Fq (˜b⊗ b⊗ I)χ(a˜⊗ I ⊗ I, I ⊗ a⊗ I)Fq (˜b⊗ I ⊗ b)χ(a˜⊗ I ⊗ I, I ⊗ I ⊗ a)
= U12U13.
This combined with (25) and (26) shows that U is a unitary representation of G (cf. Defi-
nition 4.1). Q.E.D.
10
5 Acknowledgements
The authors wish to thank S.L. Woronowicz for many stimulating discussions on the subject
of quantum groups and their representations.
References
[1] K. Maurin, General eigenfunction expansions and unitary representations of topo-
logical groups, PWN Polish Scientific Publishers, Warszawa 1968.
[2] M.B. Landstad, Duality theory for covariant systems, Trans. AMS 248, No. 2
(1979), 223–267.
[3] G.K. Pedersen, C∗-algebras and their automorphism groups, Academic Press 1979.
[4] W. Pusz & S.L. Woronowicz, A quantum GL(2,C) group at roots of unity,
Rep. Math. Phys. 47, No. 3 (2001), 431–462.
[5] M. Rowicka-Kudlicka, PhD Thesis, Dept. Math. Methods in Phys. Warsaw Uni-
versity 2000.
[6] S.L. Woronowicz, Unbounded elements affiliated with C∗-algebras and non-
compact quantum groups, Comm. Math. Phys. 136 (1991), 399–432.
[7] S.L. Woronowicz, Operator equalities related to the quantum E(2) group, Comm.
Math. Phys. 144 (1992), 417–428.
[8] S.L. Woronowicz, quantum E(2) group and its Pontryagin dual, Lett. Math.
Phys. 23 (1991), 251–263.
[9] S.L. Woronowicz, C∗-algebras generated by unbounded elements, Rev. Math.
Phys. 7, No. 3 (1995), 481–521.
[10] S.L. Woronowicz, Quantum ‘az + b’ group on complex plane, Int. J. Math. 12,
No. 4 (2001), 461–503.
11
